2446

RELATION OF THE TEMPERATURE DERIVATIVE

OF HEAT OF VAPORIZATION TO THE DIFFERENCE

OF HEAT CAPACITIES ALONG THE SATURATED VAPOUR
PRESSURE CURVE*

Vaclav SvoBoDA, Zdenék WAGNER, Petr VONKA and Jifi Pick

Department of Physical Chemistry,
Prague Institute of Chemical Technology, 166 28 Prague 6

Received June 4th, 1980

A method of calculating the heat capacity difference of liquid and its vapour along saturated
vapour pressure curve is discussed. The qualitative course of this difference in dependence on tem-
perature obtained from the data on the temperature dependence of heat of vaporization of pure
substances is judged.

Heats of vaporization of substances in dependence on temperature are measured
for the purposes of theoretical modelling of solutions and chemical-engineering
practice. Accurate data on the temperature dependence of heat of vaporization can be
employed among others also for calculating other thermodynamic quantities. In ac-
cordance with this, studies on calculating the heat capacity difference of liquids
and gases under constant pressure and volume’*? have been carried out previously.
A continuation of this project is the calculation of the molar heat capacity difference
of liquids and gases along the saturated vapour pressure curve, Ac,.

The quantity Ac,, which is not accessible experimentally, has a considerable im-
portance. Above all it is the quantity that characterizes the given type of the vapour—
~liquid phase equilibrium of pure substances. From the Ac, values it is possible to de-
termine the molar heat capacity of vapour along the saturated curve, c&, which cannot
be determined experimentally; it is possible to calculate the values of the term
(8S8/0T), characterizing the saturated vapour phase. The known values Ac, are
further exploited in the experimental determination of values of molar heat capacity
of liquid along the saturated vapour pressure curve, ¢, by the method of ““two-phase
system”3. A further use is offered on using the interrelations between c, ¢, and ¢,
of coexisting phases* above all for estimating the state-behaviour terms.

The aim of this work was to verify the proposed method for calculating Ac,
and ¢ starting from the known data on the temperature dependence of heat of vapori-

* Part XXIII in the series Enthalpy Data of Liquids; Part XXII: This Journal 46, 817
(1981).
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zation and to compare it with other potential methods of calculation. Further, to carry
out the qualitative judgement of the dependence of Ac, on temperature.

THEORETICAL AND DISCUSSION

The derivation of the sought interrelation between the temperature dependence
of heat of vaporization AH, and Ac, can be carried out as follows:

(0 AH, [8T), = [8(T AS,foT)], = [T(0 AS,[8T) + AS,), = Ac, + AS,, (1)
where AS, = AH,/Tis the entropy of vaporization and the relation

o

T(0 NS JoTY, = T(8SYoT), — T(BS' 10T, = & — ¢t = Ac,. (2)

Relation (2) is simultaneously the definition relation for ¢£ and ¢l. The molar heat
capacity difference Ac, is then given by the relation

Ac, = (3 AH,[0T), — AH,|T. _ (3)

To calculate Ac, from Eq. (3) it is necessary to choose a suitable correlation relation
for expressing the temperature dependence of AH, and its temperature derivative.
Such a relation is here the Thiesen relation.

AH, = k1 - T)°, (4)

where k and C are constants and T, the reduced temperature. After substituting
it into Eq. (3) and rearranging we get finally the relation in the form

Ac, = _(k/TC) (1 S T;)c_l (C ikt I/Tr) > (5)

which has been used for calculating Ac, in this work.

The direct calculation of ¢¢ from Ac, is not, in a general case, possible because
rather very few data only are known on c}. Therefore we use the approximation which
starts from the interrelation between ¢ and c;

¢l = ¢l — T(oV'[oT)p (0P)OT), (6)
then employing the fairly extensive information on c¢p values®. Further we know

that for the prevailing part of substances (expecially hydrecarbons®), the state-behav-
iour terms in Eq. (4), take, up to reduced temperatures equal 0-8, so small values
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that it is possible to neglect them and to assume with sufficient accuracy that it holds
¢! = cj. Then we use the following relation for calculating c&:

[+

rl =i, Lot (7)

Calculation

The proposed method of calculating Ac,; and c£ is demonstrated for a group of indu-
strially important hydrocarbons. Their temperature dependences of AH, have been
determined experimentally and published’. The given values of correlation constants
and of used values of reduced temperatures in the Thiesen relation have been taken
over and employed in this work. The calculated values of Ac, and c& for the chosen
group of hydrocarbons are given in Table I. In the first column of the table, the names
of substances and the symbols of calculated quantities Ac, and c¢£ along with the
literature values of ¢, (ref.>°) are given. In the next columns, the values of studied
quantities for the chosen temperatures are presented.

Since the quantity ¢% cannot be determined experimentally it is alse impossible
to compare the calculated values of Ac, with the values calculated from the experi-
mental data on ¢} and £ and to verify in this way the possibilities of the method
proposed. Its use can be characterized just by an a priori analysis of errors in quanti-
ties entering the calculation and by determining the upper limit of errors in calculated
values of Ac,. To this purpose, Egs (3) and (7) will be considered.

In the cited work dealing with AH, of chesen hydrocarbons, the accuracy of the
measured and correlated values of heats of vaporization is given to be 0-1—0-2%.
On the basis of experience from our previous studies!'2, it can be assumed that the
error due to the determination of the term (0 AH,[0T), does not exceed 0-5%. Con-
sidering that the values of heats of vaporization have, in the vicinity of normal
boiling point, the value about 30kJ mol~! and the term of the first derivative
(¢ AH,[0T), about 70 J K™ mol !, the first term in Eq. (3) introduces an absolute
error of 0:35J K™ ! mol~! and the second term up to 0-:2J K~! mol~! into the cal-
culation. The quantity Ac, acquires the values about 150 J K~ ! mol™!; then the
relative error in Ac, does not exceed 0-4%.

The absolute error in determining ¢£ is given by the error with which the data
on ¢! are determined and by the error introduced by neglecting the state-behaviour
terms in Eq. (6). It can be assumed that this error does not exceed the value of
1J K ' mol™*! (ref.’?) in the temperature range in which the calculations in this
work have been carried out. Since the values of molar heat capacity along the saturat-
ed vapour pressure curve are within the range of —25 to +110K J ! mol™! the
relative error would not yield useful information.

From the other possible ways of calculating Ac, only one method comes into con-
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sideration. It starts from the assumption that we know the experimental ¢} (or c})
values and calculate the c% values; estimation methods for Ac, are not known. The
problem of calculation is connected only with the problems of calculating c.

For calculating the ¢ values, it is possible to use practically only one method.
It starts from the known values of heat capacity of vapour c; and from the state
behaviour of the vapour phase along the saturated vapour pressure curve. The
method which stems from the calculation of the term (0S%/dT), and from the equa-
tion of state of real gas is not applicable”'8. For the method recommended we use
an analogous relation to Eq. (6):

¢t = ¢& — T(0V?/0T)p (OP|OT), . (8)
The error connected with the determination of values of the derivative terms in Eq. (8)
has been extensively discussed in papers®:%. It has been proved that the error con-
nected with determining the term (3V#/dT), amounts to about 5% and the term
(6P[oT), about 1%. Then the relative error of the second expression in Eq. (8) will be
6%. Since cj acquires, in the range of temperatures discussed by us, the values of ap-
proximately 180 J K ™! mol ™!, the absolute error in ¢ will be about 11 J K~* mol™".
It is an error which is one order higher than that connected with determining c$
from calorimetric data.

On the basis of the performed discussion it is possible to say that the method
of calculating Ac, and ¢ starting from the data on the temperature dependence
of heat of vaporization and from the calorimetric data on c:, can be recommended.

Course of Temperature Dependence of Acg

When calculating the quantity Ac, for a few substances for which the data on tempera-
ture dependence of AH,, are known up to the vicinity of the critical point® ™!, we have
always found a local maximum on the curve Ac, = Ac(,(T). A question arises whether
the existence of local maximum of the quantity Ac; is a general property of Ac,
or whether its occurtence is brought about by the type and properties of the correla-
tion relation for AH,. The answer to this question can be found by the following
consideration: We shall assume that the dependence of heat of vaporization AH,
on reduced temperature T, is continuous and continously differentiable to all orders
and satisfies the following conditions:

1)d AH,[dT, < 0 for all T,, i.e. heat of vaporization is a decreasing function of tem-
perature. 2) d* AH V/dT,2 < 0O for all T, i.e. heat of vaporization is a concave function
of temperature. 3) limd AH,[dT, = —c0. 4) d* AH,[dT? < 0 for all T,, i.e. the

Te—1
second derivative of heat of vaporization with respect to temperature is a decreasing

function of temperature.
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TaABLE [
Summary of calculated values of heat capacities of some important hydrocarbons

Temperature, °C

Substance Q_ulantlty_l = -
K mol 10 20- 38 40 w0~ 8. WL B
Pentane =N 151-3 148:0 1452 142:8 1410 1396 1388 1380
(a2} 163-5 167-3
ct 122 193
2-Methylbutane ~ —AC, 1435 1405 1381 1360
G 1599 1632 166:5 170:0
ct 164 2227 284 340
Hexane —AC, 168-5 1643 160-5 157-2 1543 151-8 149-7 1481
(eR 190-5 193:9 1976 201-5 2056 2100 214:5 2193
CE 220 296 371 443 513 582 648 712
2-Methyl- —AC, 158-0 154-0 151-5 1489 1467
pentane Cp 1918 1956 1994
ce 337 410 479
3-Methyl- —AGS 1612 1572 1537 150-5 147-8 1455 143-5 142:0
pentane G 1853 1889 1927 1965 200-4
cs 241 317 390 460 526
2,2-Dimethyl- —AC, 15122 1476 1445 141-8 1395
butane = 183:3 1870 190-5 1939 1971
ce 321 394 460 521 576
2,3-Dimethyl- —AC, 149:3 1460 143-0 1405
butane (0} 186:8 © 1906 194:6 1986
ct 374 446 515 581
Heptane —AQ; 1894 1843 1797 1755 171'5 1684 1652 1629
(en 2195 2230 2266 2304 234-4 238:5 242:8 2472
cs 301 387 469 549 626 701 773 843
2-Methyl- - AG 1837 178:9 1745 1706 1671 164:0 1612 1589
hexane (&% 216:6 220-8 2252 2297
c 329 419 507 591
3-Methyl- —AC, 1817 176°9 172:5 1685 1650 161:9 1591 1567
hexane L 211°6 ' 216:1 2212 2269
CE 299 392 487 584
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TABLE [
(Continued)
L Temperature, °C
Substance Q_ulan 1?1_1 =
S 10 20 30 40 50 60 70 80
2,3-Dimethyl- —ANCy 1750 170:3 1661 162-2 1588 1558 1531 1508
pentane Cy 21004 2147 2194 2244
G 354 444 533 62-2
2,2,3-Trimethyl- =IAIGE 157-4 153-8 150-7 1479 1454 1433
butane C}, 2157 220:1 224-5 2289
ce 58:3 66-3 73-8 81-0
Octane = NG, 210-6 2047 1993 1944 189-9 1858 1821 1789
(é8 248-2  251-5 2551 2588 262:6 2665 2706 2748
(gl 376 468 558 64:4 72-7 807 885 959
2-Methyl- —AGY 2039 1987 1931 1884 1842 1803 1769 1738
heptane Cll, 244-9 249-3 253-8 2582 262:6 267-0
(S5 41-0 50-6 607 698 784 867
4-Methyl- —E 203-8 1981 193-0 188-3 184-0 1801 1767 1736
heptane C11> 243-6 248-5 253-5 258:6 2637 268-9
(el 39-8 50-4 605 70-3 ey 88-8

The quantity Ac, is a function of reduced temperature, i.e. we can write

Then Eq. (3) can be rewritten into the form

Y(T) = T‘[m,) ¥ (T”] , (10)

c &

where f(T,) = AH(T,), f(T,) = AH,(T,) = d AH,[dT, and T, is the critical tempera-
ture. Since heat is a decreasing function of temperature, i.e. f* < 0 for all T,, then
it is evident from Eq. (10) that Ac, is in the entire definition range negative and for
T > T, it holds Ac, - — . For the first derivative of the function Y(T;) it is

Y(T)) = Tl [f (T) - ‘f';ﬂ) Ly (Tf)] =ik ”(TT’) - Y(TT') . (11)
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For low values of reduced temperature, heat of vaporization can be expressed
with very good approximation as a linear function of temperature, i.e. f(T;) & 0.
Thus it follows from Eq. (/1)

Y (lowT)>0. (12)
Further it follows from Eq. (1)
lim ¥(T) = = lim (£(T) - £(T) . (13)
i T, T~1 g

Let us assume for a moment that in the vicinity of the critical point it holds f"(T;) <
< f(T;). Then it follows from Eq. (13)

Y(T, ~ 1) < 0 (14)
and consequently (Eq. (12)) there exists a reduced temperature T} for which

Wiy i (15)

TasBLE 11
Dependence of the maximum value of Ac, and its position on the values of parameters of the

Thiesen relation (J K~ ! mol™!)

Substance iy B N T
Pentane 0-7509 —138:4 82-16
2-Methylbutane 0-7505 —133:0 7898
Hexane 0-7509 —146:0 8666
2-Methylpentane 0-7509 —142-4 8451
3-Methylpentane 0-7506 — 1403 83-33
2,2-Dimethylbutane 0-7506 —1346  79:94
2,3-Dimethylbutane 0-7501 —134-1 79-71
Heptane 0-7519 —1563 9276 "
2-Methylhexane 0-7522 —153-8 91:31
3-Methylhexane 0-7515 —151-1 89-67
2,3-Dimethylpentane 0-7508 —145:1 86-14
2,2,3-Trimethylbutane 0-7510 —1387  82:32
Octane 07532 —166'5  98-88
2-Methylheptane 0-7533 —1634  97-04
4-Methylheptane 0-7534 —162:9 9673
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When deriving the validity of the given assumption, we employ the I’Hospital rule
and the validity of relations f(1) = 0, lim f'(T,) = — cc. Obviously it holds

Te>1
e del) "L S
0=1 = lim 232
Tt FAT) 1e1 F4T) (10)

and accordingly |f(T;)| < l f"(T;)| in a certain vicinity of the critical point. Since
it holds f'(T;) < 0 and f"(T;) < O for all T, it is possible to write f'(T}) < f(T;)
in a certain vicinity of the critical point, which proves the validity of the assumption.
Type of the extreme is determined from the property of the second derivative of the
function Y(T;):

Y/(T) = %I:fm(:r') wARY 2f'(2Tr) = 2f(Tr)] e

T, T. T 7y
- f (T;-) _ Y(T;-) e Y(Tj) . (]7)
T T ¥

We know that the function Y has an extreme (Y’ = 0). Then the right-hand side
of Eq. (17) is lower than zero, which proves that the extreme is a local maximum.
Since the function f(7;) is continuous and continuously differentiable to all orders,
the same holds for the function Y(T;). Owing to these conditions the local maximum
is just one.

In the next step the coordinates of the local maximum of Ac, on the temperature
axis and the value Ac, .., have been sought for prospective generalization of the
temperature dependence of Ac;. For the case when the temperature dependence
of AH, is described by the Thiesen relation, we get by calculating from Eqs (10)
and (17) for the studied set of hydrocarbons the results which are summarized in Ta-
ble II. The first column of the table gives the values of reduced temperature T, .,
for Ac, max; Ao max 1 the maximum value of Ac,. Whereas in using the Thiesen rela-
tion, the value of coordinate T,,,, is dependent only on the value of the exponent C
(Eq. (4)), the value of Ac, ma. depends also on the magnitude of the term k[T,
which is as well given in Table II.

The calculated values of T,fm“ for the given set of substances mislead to the pre-
sumption that their mean value could characterize the local extreme. Unfortunately
the results of calculation on using other correlation relations show that 7,", ., for the
given set of substances and for the chosen type of correlation relations lies within
the range of T, = 0-7—0-8. It is evidently due to the different flexibility of relations,
which appears especially when calculating the term of the second derivative f”(T;)
in Eq. (17). Since in this work the data have been correlated by the Thiesen relation,
which is recommended in the literature, the results for this relation only are given
in Table IT so that the calculations should be conformal.
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